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Abstract
The Degree/Diameter Problem is an extremal problem in graph theory with appli-
cations in network design. One of the main research areas in the Degree/Diameter
Problem consists of finding large graphs whose order approach the theoretical upper
bounds as much as possible. In the case of directed graphs there exist some fami-
lies that come close to the theoretical upper bound asymptotically. In the case of
undirected graphs there also exist some good constructions for specific values of the
parameters involved (degree and/or diameter). One such construction was given by
McKay, Miller, and Sˇira´nˇ in [5], which produces large graphs of diameter 2 with
the aid of the voltage assignment technique. Here we show how to re-engineer the
McKay-Miller-Sˇira´nˇ construction in order to obtain large mixed graphs of diameter
2, i.e. graphs containing both directed arcs and undirected edges.
Keywords: Network design, Degree/Diameter Problem, mixed graphs, voltage
assignment
1 Introduction
The Degree/Diameter problem is a classic extremal problem in network design.
The goal is to investigate the largest order of a graph subject to constraints
in its maximum degree and its diameter. In particular, the Degree/Diameter
problem for mixed graphs asks for the largest possible number of vertices
n(r, z, k) in a mixed graph with maximum undirected degree r, maximum
directed out-degree z and diameter k.
This problem has been extensively studied for purely undirected and di-
rected graphs, but not much is known for mixed graphs. Much of what is
known is summarized in [4]. The upper bound for n(r, z, k) (also known as
the Moore bound) is given in [2]. In the case of diameter 2, the Moore bound
specializes to
M(r, z, 2) = 1 + z + (r + z)2. (1)
The case of diameter 2 is significant because this is the only case where the
upper bound can be reached. Graphs that reach the upper bound are called
Moore graphs, and they do not exist for all combinations of r and z. In the
cases where Moore graphs do not exist, or are not known to exist, we aim at
constructing the graph whose order approaches the Moore bound as much as
possible.
A construction technique that has proved very successful in undirected
graphs is voltage assignment. In its original form, voltage assignment takes a
base digraph and a group to obtain a new, larger digraph. By dropping arc
directions, or by taking a symmetric generating set for the group, one can also
construct undirected graphs.
Let G be a digraph, Γ a finite group, and α : D(G) → Γ a labelling of
the arcs with elements of Γ (in this context the graph may have loops and
(or) parallel edges). The labels are usually called voltages, and α is a voltage
assignment.
Given the conditions above, a new graph Gα (called the lift) is constructed
as follows: The vertex set and the arc set of the lift are V (Gα) = D(G)× Γ
and D(Gα) = D(G)× Γ (sometimes is usefull to use the subscripts for the Γ-
coordinates of ordered pairs). Incidence in the lift is defined as follows: For
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any arc e from u to v in G and any g ∈ Γ there is exactly one arc eg in the lift
Gα; this arc emanates from the vertex ug and terminates at the vertex vgα(e).
It is easy to see that the arc (e−1)gα(e) of the lift G
α emanates from vgα(e)
and terminates at ug, because α(e
−1) = (α(e))−1. The pair of arcs eg and
(e−1)gα(e) constitutes an undirected edge of the lift G
α; therefore, for the re-
verse arcs in the lift we have (eg)
−1 = (e−1)gα(e). In particular, any Cayley
graph is a lift of a bouquet graph (a graph with a single vertex and self-loops).
Many properties of the lift can be identified by examining walks in the
base graph. A walk of length m in a graph G is a sequence W = e1e2 . . . em
where e1 are arcs of G, such that the terminal vertex of ei−1 is the same as
the initial vertex of ei, 2 ≤ i ≤ m. We say that W is a u− v walk if u is the
initial vertex of ei and vi is the terminal vertex of em. If u = m then the walk
W is said to be closed, or closed at u. If α is a voltage assignment on G, then
the net voltage of W is defined as the product α(W ) = α(e1)α(e2) . . . α(em).
For more details in relation to the voltage assignment technique see [3].
In order to determine the diameter of the lift, we will make use of the
following result:
Lemma 1.1 ([1]) Let α be a voltage assignment on a graph G in a group Γ.
Then, the diameter of Gα is at most k if, and only if, for each ordered pair
of vertices u, v of G (possibly with u = v), and for each g ∈ Γ, there exists a
u− v walk of length ≤ k of net voltage g.
2 The McKay-Miller-Sˇira´nˇ construction
In [5] McKay, Miller and Sˇira´nˇ describe a family of large vertex-transitive
graphs with degree (3q−1)/2, where q is a prime power congruent with 1 (mod
4), though they contend that the construction generalizes to all prime powers.
The base graphs used in [5] are complete bipartite graphs with loops. Later,
Sˇiagiova´ showed that the McKay-Miller-Sˇira´nˇ graphs can also be obtained as
lifts of dipoles [6]. The McKay-Miller-Sˇira´nˇ graphs still stand as the best
family of graphs of diameter 2, asymptotically.
We now focus on Jana Sˇiagiova´’s reformulation of the McKay-Miller-Sˇira´nˇ
construction. As we mentioned before, the base graph is a dipole, i.e. a
directed pseudoraph with two vertices, u and v, and multiple arcs from u to
v, as well as multiple loops at each vertex. Voltages are taken from F+q ×
F+q , where F
+
q denotes the additive group of the finite field Fq, where q ≡ 1
(mod 4). The dipole has exactly (q − 1)/4 loops at each vertex, and q arcs
from u to v. Let ξ be a primitive root of Fq. The voltages are defined as
follows:
(i) Every arc emanating from u to v has voltage (g, g2), for all g ∈ F+q .
(ii) Loops at vertex u have voltage (0, ξ2i+1), for all 0 ≤ i < q−1
4
.
(iii) Loops at vertex v have voltage (0, ξ2i), for all 0 ≤ i < q−1
4
.
The lift defined by the above voltage assignment is a directed graph. It
is proved in [6] that, if the orientation of the arcs is removed, we obtain a
vertex-transitive graph of degree 3q−1
2
and diameter 2.
3 Our variant
Next we proceed to give a construction of a family of mixed graphs with order
approaching the Moore bound. This construction is a variant of the one given
by Jana Sˇiagiova´. Again, let Fq denote a finite field of prime power order
q ≡ 1 (mod 4). The base group is F+q × F
+
q , where F
+
q denotes the additive
group of Fq. Now, our base graph is the dipole D
∗
q on two vertices u and v,
containing q arcs both from u to v and from v to u, and q−1
2
loops at each
vertex. Let ξ be again a primitive root of Fq. The voltages α1 over D
∗
q are
defined as follows:
(i) Every arc emanating from u to v has voltage (g, g2), for all g ∈ F+q .
(ii) Every arc emanating from v to u has voltage (g,−g2−1), for all g ∈ F+q .
(iii) Loops at vertex u have voltage (0, ξ2i+1), for all 0 ≤ i < q−1
2
.
(iv) Loops at vertex v have voltage (0, ξ2i), for all 0 ≤ i < q−1
2
.
Theorem 3.1 For any prime power q ≡ 1 (mod 4) the lift (D∗q)
α1 is a mixed
graph on 2q2 vertices of diameter 2, undirected degree r = q−1
2
and directed
out-degree z = q.
Proof : Since |F+q × F
+
q | = q
2 and D∗q has two vertices, the lift graph
(D∗q)
α1 has order 2q2. To see that r = q−1
2
and z = q we observe that none
of the voltages defined on the q arcs from u to v have an inverse in a voltage
defined on an arc from v to u. Indeed, otherwise we would have (g, g2) +
(h,−h2 − 1) = (0, 0), for some g, h ∈ F+q , and this is impossible. Besides, the
sets X1 = {ξ
2i+1 | 0 ≤ i < q−1
2
} and X2 = {ξ
2i | 0 ≤ i < q−1
2
} have the property
that X1 ∪ X2 = F
+
q \ {0}, X1 ∩ X2 = ∅ and (since q ≡ 1 (mod 4)) they are
respectively closed under additive inverses. In fact, X1 = {ξ
2i+1,−ξ2i+1 | 0 ≤
i < q−1
4
} and X2 = {ξ
2i,−ξ2i | 0 ≤ i < q−1
4
}. This means that for any loop
emanating from u (or v), there is another one with the inverse voltage, that
is, both generate two closed walks of length 2 and net voltage (0, 0) in (D∗q)
α1 .
Hence r = q−1
2
and z = q. To prove that diam((D∗q)
α1) = 2 we only have to
check that for any pair of vertices u and v (not necessary distinct) of D∗q there
exists at least one walk W of length ≤ 2 with net voltage (g, h), for every
(g, h) ∈ F+q × F
+
q .
(i) Walks W from u to u with net voltage (g, h): If (g, h) = (0, 0) the walk
W consists of two loops with voltages (0, ξ2i+1) and (0,−ξ2i+1) for any
0 ≤ i < q−1
4
. If g = 0 and h ∈ X1, then the walk W consists of a
single loop with voltage (0, h). If h /∈ X1, h 6= 0, then also −h /∈ X1
and as 0 /∈ X1 and h /∈ h + X1, we see that X1 and h + X1 have a
nonempty intersection: Indeed, suposse that X1 ∩ (h + X1) = ∅, then
since |h+X1| = |X1| =
q−1
2
, we derive that |X1|+ |h+X1| = q − 1, but
this is impossible since 0 /∈ X1 and h /∈ X1. Hence, there exist x, y ∈ X1
such that x = h + y. In this case W is composed of two loops with
voltages (0, x) and (0,−y). Now, for g 6= 0, we show that there exists
a u → v → u walk of any given voltage (g, h). There are q(q − 1) such
pairs (g, h). Notice that we achieve q2 − q + 1 different voltages through
u→ v → u walks consisting of two distinc arcs in D∗q . Indeed let W1 be
a u→ v → u walk of net voltage (i, i2)+ (j,−j2− 1) = (i+ j, i2− j2− 1)
and let W2 another u→ v → u walk of net voltage (m+ n,m
2− n2− 1).
The equality (i + j, i2 − j2 − 1) = (m + n,m2 − n2 − 1) implies either
i = m, j = n or i+ j = m+ n = 0. Hence for any (i, i2) there exists just
one voltage (−i,−i2−1) that yields (0,−1). This means that the voltage
(0,−1) is achieved walking q different u → v → u paths, meanwhile
there is just one u→ v → u walk with voltage (g, h) for any g 6= 0. The
arguments for walks from v to v are similar, using the set X2.
(ii) Walks W from u to v with net voltage (g, h): If (g, h) = (0, 0) the walk
W consists on the single arc u→ v with voltage (i, i2), for i = 0. If g = 0
and h 6= 0, then the walk W consists of the arc with voltage (0, 0) and
a loop at vertex u for h ∈ X1 or at vertex v for h ∈ X2. Let g 6= 0, if
h = g2, there is a u → v walk W of length one with net voltage (g, g2).
If h 6= g2 and h − g2 ∈ X1 then W is composed by the loop at vertex
u of voltage (0, h− g2) and the arc of the voltage (g, g2). If h 6= g2 and
h− g2 ∈ X2 then we take first the arc with voltage (g, g
2) and next the
loop at vertex v of voltage (0, h− g2).
(iii) Walks W from v to u with net volgate (g, h): If (g, h) = (0,−1) the walk
W consists on the single arc v → u with voltage (i,−i2 − 1), for i = 0.
If g = 0 and h 6= −1, then h + 1 6= 0 and the walk W consist of the
arc with voltage (0,−1) and a loop at vertex u when h + 1 ∈ X1 or at
vertex v when h + 1 ∈ X2. Let g 6= 0, if h = −g
2 − 1, there is a u → v
walk W of length one with net voltage (g,−g2 − 1). If h 6= −g2 − 1 and
h+g2+1 ∈ X1 then W is composed by the arc of the voltage (g,−g
2−1)
and the loop at vertex u of voltage (0, h + g2 + 1). If h 6= −g2 − 1 and
h + g2 + 1 ∈ X2 then we take first the the loop at vertex v of voltage
(0, h+ g2 + 1) and next the arc with voltage (g,−g2 − 1).
✷
Corollary 3.2 For any prime power q ≡ 1 (mod 4) there is a family of mixed
graphs of diameter 2, undirected degree r = q−1
2
and directed out-degree z = q
approaching the Moore bound in the constant factor 8
9
when q tends to infinity.
Proof : The Moore bound M(r, z, 2) for undirected degree r = q−1
2
and
directed out-degree z = q is 9
4
q2 − 1
2
q + 5
4
. Taking into account that (D∗q)
α1
has order 2q2, we have that
lim
q→∞
|(D∗q)
α1 |
M(r, z, 2)
=
8
9
.
✷
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